ABSTRACT. -We prove that given a compact n-dimensional boundaryless manifold M , n 2, there exists a residual subset R of Diff 1 (M ) such that if f ∈ R admits a spectral decomposition (i.e., the nonwandering set Ω(f ) admits a partition into a finite number of transitive compact sets), then this spectral decomposition is robust in a generic sense (tame behavior). This implies a C 1 -generic trichotomy that generalizes some aspects of a two-dimensional theorem of Mañé [Topology 17 (1978) RÉSUMÉ. -Nous montrons qu'étant donnée une variété compacte M de dimension n, n 2, il existe un sous-ensemble résiduel R de Diff 1 (M ) tel que si f ∈ R admet une décomposition spectrale (c'est-à-dire, Ω(f ) admet une partition en un nombre fini d'ensembles compacts transitifs), alors cette décomposition spectrale est robuste dans un sens générique. Cela implique une trichotomie générique qui généralise certains aspects d'un théorème bi-dimensionnel de Mañé.
Statement of the results
Throughout this paper, M denotes a compact boundaryless manifold of dimension n 2 and Diff 1 (M ) is the space of C 1 -diffeomorphisms on M with the usual topology. Given f ∈ Diff 1 (M ), the non-wandering set of f is given by Ω(f ) ≡ {p ∈ M : given any open neighborhood U of p there is some k ∈ N such that f k (U ) ∩ U = ∅}. Given an open subset U of Diff 1 (M ), a subset R of U is residual in U if R contains the intersection of a countable family of open and dense subsets of U ; in this case R is dense in U . A set R ⊂ Diff 1 (M ) is said to be residual if it is residual in all of Diff 1 (M ). A property (P) is residual or generic in U if (P) holds for all diffeomorphisms which belong to some residual subset of U ; property (P) is said to be residual or generic if it is residual in all of Diff 1 (M ). We begin by defining an object that plays a central role in the theory of hyperbolic systems: DEFINITION 1. -Let f ∈ Diff 1 (M ), p a periodic hyperbolic saddle of f . The homoclinic class of f relative to p is given by
where denotes points of transverse intersection of the invariant manifolds.
H(p, f ) is a transitive compact f -invariant subset of Ω(f ). H(p, f ) is not necessarily hyperbolic, but when f is Axiom A, its basic sets (see Definition 2 below) are hyperbolic homoclinic classes. In the absence of ambiguity, we may write H(p) for H(p, f ).
Note that the definition above deliberately excludes periodic sinks/sources. This is convenient in the present context, but often it is useful to regard the orbits of sinks/sources as homoclinic classes.
Remark. -Henceforward we often write "sinks/sources" meaning "periodic sinks/sources".
Homoclinic classes are the natural candidates to replace hyperbolic basic sets in nonhyperbolic theory. Several recent papers (including Diaz, Pujals and Ures [10] , Bonatti, Diaz and Pujals [5] , Carballo and Morales [8] , and Carballo, Morales and Pacifico [9] ) explore their "hyperbolic-like" properties, many of which hold only for generic diffeomorphisms. This paper adopts a similar viewpoint.
It is well known that there exists a residual subset R of Diff 1 (M ) such that if f ∈ R has a finite number of sinks/sources, then the number of sinks/sources is constant in a C 1 -neighborhood of f . (See for instance [16] .) This means that no "new" sinks or sources arise in a neighborhood of f . Our first goal is to obtain an analogous result for homoclinic classes.
The aforementioned result on sinks/sources is an immediate consequence of an elementary topological fact: given a lower-semicontinuous correspondence from Diff 1 (M ) to the set of compact subsets of M , there exists a residual subset of Diff 1 (M ) where this correspondence is also upper-semicontinuous. Unfortunately, this fact cannot be applied in the same way to homoclinic classes, since they -unlike sinks/sources -are not necessarily isolated. However, other arguments from general topology yield the following result: , g ) of the homoclinic classes of f . Theorem A is our central result; all subsequent results in this paper essentially follow from it. Note that it does not require finitude of sinks/sources.
We now state some definitions regarding the structure of the non-wandering set: Given a diffeomorphism f ∈ Diff 1 (M ) that admits a spectral decomposition, we say that f has a dominated splitting if each basic set Λ of f either is hyperbolic or admits a dominated splitting.
In the hyperbolic context, the Spectral Decomposition Theorem tells us that an Axiom A diffeomorphism f always admits a spectral decomposition. If the diffeomorphism in question is also omega-stable (i.e., if it has no cycles), then this spectral decomposition is robust in a C 1 -neighborhood of f . We want to extend the concept of robustness of spectral decompositions to the general, non-hyperbolic setting. We start with the statement of an easy proposition: 
be a residual set and f ∈ R be a diffeomorphism that admits a spectral decomposition of the form [4] .)
Omega-stable diffeomorphisms admit generically robust spectral decompositions; in fact, their decompositions are robust in a much stronger, local, sense. We can think of generic robustness of spectral decompositions as a weak generalisation of omega stability. C 1 -robustly transitive diffeomorphisms also trivially admit generically robust spectral decompositions. But how common is this phenomenon? Theorem B below provides a very complete answer to this question: generically speaking, spectral decompositions are always generically robust. THEOREM B. -There exists a residual subset R of Diff 1 (M ) such that if f ∈ R admits a spectral decomposition, then this spectral decomposition is R -robust.
At this point it is relevant to mention a two-dimensional result of Mañé. In [16] he proved that, C 1 -generically, surface diffeomorphisms either are omega-stable or have infinitely many sinks/sources. This result does not hold in higher dimensions, because of the existence of robustly nonhyperbolic and transitive diffeomorphisms in dimensions 3 (see [15, 2] , and Bonatti and Viana [7] for examples). But we may still look for high-dimension analogues of Mañé's theorem, weakening the conclusion as needed.
It was in this spirit that [5] asked whether generic diffeomorphisms either admit spectral decompositions or have infinitely many sinks/sources. (The actual statement in [5] , regarding generic diffeomorphisms that are "far from Newhouse's phenomenon", looks less general, but is easily seen to be equivalent to the statement in the previous sentence.) The example in [8] , of a locally residual subset of Diff 1 (M ) where there are only 3 sinks/sources but infinitely many homoclinic classes (and no spectral decomposition), gives a negative answer to this question. But we can obtain a C 1 -generic trichotomy in high dimensions by adding a third alternative:
, then f satisfies one and only one of the following conditions: Corollary B.1 is currently the best high-dimensional analogue of Mañé's theorem. In dimension 2, Mañé's theorem says that we generically have either a pathology (infinite number of sinks/sources) or a robust spectral decomposition with a hyperbolic splitting; in dimension 3, Corollary B.1 says that we generically have either a pathology (infinite number of pairwise disjoint homoclinic classes or infinite number of sinks/sources) or a generically robust spectral decomposition with a dominated splitting. Furthermore, in [1] it is shown that this dominated splitting exhibits a weak form of hyperbolicity called volume partial hyperbolicity (see [5] for the definition).
We remark that examples in [3] and [8] respectively show that neither alternative (b) nor alternative (c) can be removed from the statement of Corollary B.1 for dimensions n 4. Alternative (a) of course cannot be removed due to the existence of omega-stable diffeomorphisms. In this sense the trichotomy above is optimal: none of the three alternatives may be removed from the statement.
The next corollary is a simple but useful consequence of Theorem B and the generic "nocycles" result of [9] :
with the following properties:
Palis [17] has conjectured that there exists a dense subset D of Diff k (M ) such that if f ∈ D, then f either is hyperbolic or exhibits homoclinic tangencies or heterodimensional cycles. By heterodimensional cycle we mean a heteroclinic cycle between periodic saddles of different stability indices. Homoclinic tangencies and heterodimensional cycles are both examples of a broader class of phenomena called homoclinic bifurcations (see [20] , pp. 133 and 134). Roughly speaking, Palis has conjectured that, globally, homoclinic bifurcations are the only obstructions to hyperbolicity.
The 2-dimensional C 1 -version of this conjecture has been completely proven by Pujals and Sambarino [19] , but results in higher dimensions have been restricted to special cases, like robustly transitive diffeomorphisms (in which case it essentially follows from results by Mañé [16] and from Hayashi's Connecting Lemma [13] ; see also Bonatti, Diaz, Pujals and Rocha [6] ). The last goal of this paper is to prove this conjecture in a large region of Diff 1 (M ), where M has arbitrary dimension.
In this paper we work towards the following C 1 -generic version of the conjecture (which is actually somewhat stronger than the form above):
is either omega-stable or approached by diffeomorphisms exhibiting homoclinic tangencies or heterodimensional cycles.
We note that by Pugh's General Density Theorem [18] combined with item 6 of Theorem A of [9] , generically a diffeomorphism is omega-stable if and only if its non-wandering set is hyperbolic. The next result proves the conjecture above in the case of diffeomorphisms with finitely many homoclinic classes. This result follows from Corollary B.2 combined with results from [12] and from [13] . We note that the analogues of Theorems A and B hold for C 1 -vector fields on manifolds of dimensions three and higher, with the same proofs.
Technical preliminaries I
We now state some results that will be used in the next section.
THEOREM 0 [5] . -There exists a residual subset R * ⊂ Diff 1 (M ) such that if f ∈ R * has finitely many sinks/sources, then every homoclinic class (which is not the orbit of a sink/source) of f has a dominated splitting.
That is, for diffeomorphisms in R 2 , distinct homoclinic classes are disjoint. Furthermore, if f ∈ R 2 then there are no cycles among homoclinic classes of f . THEOREM 3 [3] . -There exists a residual subset R 3 ⊂ Diff 1 (M ) such that if f ∈ R 3 and p, q ∈ Per (f ) are saddles that belong to the same transitive set Λ, then H(p, f ) = H(q, f ).
Proof of Proposition A
We prove a slightly more general statement than Proposition A:
, then f satisfies one and only one of the following conditions: Proof. -Let R * , R 1 , R 2 , and R 3 respectively be as in Theorem 0, Theorem 1, Theorem 2, and Theorem 3 above. Consider the residual R 0 given by
Assume f ∈ R 0 has only a finite number of distinct (and therefore disjoint, by Theorem 2) homoclinic classes and a finite number of periodic sinks/sources. That is, let f satisfy neither (b) nor (c). Let  H(p 1 ), . . . , H(p k ) be the distinct homoclinic classes of f , and let θ(q 1 ), . . . , θ(q s ) be the orbits of its periodic sinks/sources.
Then by Theorem 1 we have
where the unions are pairwise disjoint. Therefore f satisfies (a).
What we must prove now is that if f ∈ R 0 does not satisfy (a), then f does not admit a spectral decomposition. Let f ∈ R 0 satisfy (b). Then f has an infinite number of periodic sinks/sources and therefore clearly does not admit any spectral decomposition. If f has infinitely many pairwise disjoint homoclinic classes and only a finite number of sinks/sources, assume f has infinitely many pairwise disjoint homoclinic classes but admits a spectral decomposition Ω(f ) = Λ 1 ∪ · · · ∪ Λ k . Then each homoclinic class of f is contained in one of the Λ's, which are by assumption transitive. But by Theorem 3 if two periodic saddles of f are contained in the same transitive set, then their homoclinic classes coincide. Therefore f has at most k distinct homoclinic classes, a contradiction. We conclude that f ∈ R 0 admits a spectral decomposition if and only if f satisfies (a). ✷
Technical preliminaries II
Again, some technical preliminaries:
) is continuous with respect to the C 1 topology on Diff 1 (M ) and to the Hausdorff topology in the space of compact subsets of M .
The next theorem is a well-known property of homoclinic classes. It follows from the two following facts: (i) any given homoclinic class H(p, f ) varies lower semi-continuously in the Hausdorff topology when f is perturbed; and (ii) generically any set-valued map that is lower semi-continuous in the Hausdorff topology is also upper semi-continuous. 
Proof of Theorem A
Theorem A follows from Propositions 1 and 2 below. H(f, p 1 ) Proof. -Let R be as in the statement, R 2 as in Theorem 2, and R 4 as in Theorem 4. Consider S = R 2 ∩ R 4 ∩ R. S is generic in U . If f ∈ S, then f ∈ R, and therefore f only has finitely many homoclinic classes H(f, p 1 ), . . . , H(f, p k f ) , which are pairwise disjoint by Theorem 2. By Theorem 4, each such homoclinic class varies continuously at each f ∈ S.
) be open and R be a residual subset of U such that if f ∈ R, then f only has finitely many distinct homoclinic classes
Consider now the map Γ : S → N given by
Note that given any f ∈ S, then f only has a finite number of distinct homoclinic classes H (f, p 1 ), . . . , H(f, p k f ) , which must be pairwise disjoint by Theorem 2. Therefore for g ∈ S sufficiently close to f the periodic saddles p 1 , . . . , p k f have continuations, and since their corresponding homoclinic classes H(p 1 ), . . . , H(p k f ) are pairwise disjoint and vary continuously at f , it follows that for g sufficiently close to f , the homoclinic classes
) are still pairwise disjoint. Thus Γ is a lower semi-continuous map on S: elements of S which are sufficiently close to f must have at least as many distinct homoclinic classes as f .
We can now apply the Topological Lemma to Γ, obtaining a residual subset N of S (and therefore of U ) where Γ is locally constant, which is the property we wanted. ✷ We now state and prove a lemma that will be used to prove Proposition 2. Proof. -Let S be the residual subset of Diff 1 (M ) given by S = R 4 as in Theorem 4 above. We can write S = S fin ∪ S ∞ , where S fin denotes the elements of S which have finitely many homoclinic classes and S ∞ ≡ S \ S fin .
If cl (S ∞ ) ∩ S fin is a meager subset of S, where cl denotes closure relative to S, then Proposition 2 clearly holds, since in this case
is residual and has the desired property. Let us now prove the meagerness of cl (S ∞ ) ∩ S fin .
We have
where int denotes interior relative to S. Now, 
. S ∞ is dense in U , and by Theorem 4 homoclinic classes vary continuously at members of S ∞ . Therefore applying Lemma 1 to U , we have that S ∞ is residual in U .
Assume that int(cl (S ∞ )) ∩ S fin is non-meager. Then there must be nonempty intersection between S ∞ , which is residual in U , and S fin , which is non-meager in U ; this is of course absurd. Hence int (cl (S ∞ )) ∩ S fin is meager, as we wished to show. ✷
We can now prove Theorem A:
Proof of Theorem A. -Consider the residual subset R 6 of Diff 1 (M ) given by Proposition 2 and let S 6 ≡ {g ∈ R 6 : g only has a finite number of homoclinic classes}. Then for each g ∈ S 6 there is some open neighborhood U g of g in R 6 such that every element of U g also has a finite number of homoclinic classes. Now by Proposition 1 each U g contains some smaller neighborhood W g of g such that the homoclinic classes of each element of W g are precisely the continuations of the homoclinic classes of g. Now the set R given by
is residual in Diff 1 (M ) and clearly satisfies the desired conditions. ✷
Proof of Theorem B and its corollaries
We now obtain Theorem B as a consequence of Theorem A:
Proof of Theorem B. -Consider the residual subsets R 5 as in Theorem 5, R 0 as in Proposition A , and R as in Theorem A. Let R be the residual set given by
Given f ∈ R with a spectral decomposition, by Proposition A we have
as in Proposition A. Let us rename this spectral decomposition by writing
where p i is a periodic saddle with H(p i ) its homoclinic class if i ∈ {1, . . . , L f } and q i is a sink/source with orbit θ(q i ) if i ∈ {L f + 1, . . . , K f }. We want to show that this spectral decomposition persists in a neighbourhood of f in R . By Theorem A there exists a neighborhood U 1 of f in R (and therefore in R ) such that if g ∈ U 1 then the only homoclinic classes of g are the continuations
follows that the only homoclinic classes of g are
). By Proposition A , g admits the spectral decomposition
Moreover, the basic sets of this decomposition vary continuously at f since R is contained in R of Theorem A, which in turn is contained in R 4 of Theorem 4. Hence we have proven that the spectral decomposition of f is R -robust. ✷
Proof of Corollary B.1. 
By Theorem 2 there are no cycles among homoclinic classes of f . Since there can be no cycles involving the orbits of sinks/sources, it follows that there are no cycles among the basic sets of f . By a well-known result (see for instance Theorems 2.3 and 3.11 of [21] ), this implies that there are no Ω-explosions at f . Also, since R + ⊂ R ⊂ R 4 of Theorem 4, all homoclinic classes of f vary continuously at f .
Let
We now prove condition (ii).
Technical preliminaries III
We now list some properties and results that will be used in the next section. DEFINITION 7. -Given a periodic hyperbolic point p, its stability index is the dimension of its stable manifold W s (p). We denote the stability index of p by ind (p).
Note that in the special case where F is the orbit of a nonhyperbolic periodic point of f , this means that for all ε there exist two ε-perturbations g and g of f such that F respectively becomes the orbit of hyperbolic periodic points p and p with different indices. CONNECTING LEMMA [13] . -Consider f ∈ Diff 1 (M ) with hyperbolic periodic points p and q. Assume that there are sequences of points (x j ) and natural numbers (k j ) such that
Then given any ε > 0 there exists an ε-perturbation g of f such that
Proof of Theorem C
We first prove a lemma, whose proof follows that of Lemma 3.3 of Diaz, Pujals and Ures [10] , and then use it to prove Theorem C. 
By setting x j = f mj (x) and k j = d j − m j we can now apply the Connecting Lemma to obtain an ε/4-perturbation g of f with
where n is the dimension of M , it follows that after another ε/4-perturbation we obtain g ∈ U such that the intersection
) is transversal at some point, and therefore persistent. Now, making another ε/4-perturbation if necessary, we can assume that g belongs to R, and therefore that q g belongs to Λ(p g ). Finally, to obtain an intersection between W u (p) and W s (q) after an ε/4-perturbation f of g , we use the same argument as above. The end result is an ε-perturbation of f that has a heterodimensional cycle between the continuations of p and q, as desired. ✷ Proof of Theorem C. -Set R = R + ∩ R 5 with R + as in Corollary B.2 and R 5 as in Theorem 5. Consider f ∈ R with finitely many homoclinic classes and finitely many periodic sinks/sources. Let Ω(f ) = Λ(p 1 ) ∪ · · · ∪ Λ(p k ) be the spectral decomposition of f as in Proposition A. Assume that f is not omega-stable. By Theorem 6 this implies that f does not belong to 1 (M ). Choose some ε > 0. To prove the theorem we must create a heterodimensional cycle after an ε-perturbation of f .
Choose pairwise disjoint open neighborhoods W 1 , . . . , W k of Λ(p 1 ), . . . , Λ(p k ) respectively. Then there exists a neighborhood U of f in Diff 1 (M ) that satisfies conditions (i) and (ii) of Corollary B.2. Since U is an open neighborhood of f and f does not belong to 1 (M ), it follows that there exists some g in U , ε/4-close to f , with some nonhyperbolic periodic point q. Since q is periodic, it is a nonwandering point of g, and therefore q belongs to W 1 ∪ · · · ∪ W k .
Let W j be the neighborhood that contains q and let s be the stability index of p j . Since q is nonhyperbolic (i.e., at least one of its eigenvalues has norm 1), we can apply Franks' Lemma to the orbit of q, creating after an ε/4-perturbation g ∈ U of g a hyperbolic periodic point q of g whose g -orbit coincides with the g-orbit of q and whose stability index is = s. This "new" hyperbolic periodic point q cannot be a source/sink by Theorem 5; hence q is a saddle. Now q is a hyperbolic periodic point of g , so it persists and varies continuously near g . In particular, for g * close enough to g , the continuation q * of q still belongs to W j . 
